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Abstract The logarithmic mesonic potential is proposed for computing some nucleon prop-
erties. The logarithmic potential is based on some aspects of QCD. The field equations have
been solved in mean-field approximation. Good results are obtained for the nucleon mag-
netic moment and the hedgehog mass in comparison with the Skyrmion model. In particular,
nucleon properties are calculated for sigma and quark masses which are computed recently.
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1 Introduction

It is widely believed that quantum chromodynamics (QCD) is the fundamental theory un-
derlying strong interaction and the description of the related processes is very difficult due
to its non-Abelian color and flavor structures and strong coupling constants. Thus effective
models, like the linear sigma model, are constructed in such a way as to respect general
properties from the more fundamental theory, such as chiral symmetry and its spontaneous
symmetry breaking [1, 2]. Gell-Mann and Levy’s linear sigma model [2] is a principal ex-
ample of spontaneous symmetry breaking (SSB). SSB plays an important role in modeling
low energy hadronic physics. The original Gell-Mann and Levy’s linear sigma model, af-
ter replacing nucleons by quarks [3–9], has been used to describe the binding mechanism
of quarks inside baryons and produce quite successful phenomenologies of baryons. Birse
and Banerjee [3] constructed equations of motion treating both the σ and π -fields as time-
independent classical fields and the quarks and pions in the hedgehog spinor state. A similar
model has been reconsidered by Broniowski and Banerjee [4] with numerical errors which
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have been corrected in [3]. Birse [5] generalized this mean-field to include angular momen-
tum and isospin projections. Goeke et al. [6] investigated hadron properties in a chiral model
for the nucleon based on the linear sigma model with scalar-isoscalar and scalar-isovector
mesons coupled to quarks and they used the coherent pair approximation. That work has
been reexamined by Aly et al. [7, 8]. They corrected some misprints of the work of Goeke
et al. [6], to improve the results in mean-field approximation.

In recent years, there has been growing interest in studying nucleon properties. Some
modifications have been suggested in the linear sigma model in the frame of aspects of
QCD; Broniowski and Golli [9] analyzed a particular extension of the linear sigma model
coupled to valence quarks, which contained an additional term with two gradients of the
chiral fields and investigated the dynamic consequences of this term and its relevance to the
phenomenology of soliton models of the nucleon. Dmitrasinovic and Myhrer [10] used an
extended linear sigma model [11], for which a pair of extra terms is added to the original
linear sigma model in order to improve pion-nucleon scattering and the nucleon sigma term.
In the same direction, Rashdan et al. [12–14] considered higher-order mesonic interactions
in the linear sigma model by using mean-field approximation to better describe nucleon
properties.

In the direction of nuclear matter, higher-order mesonic interactions are considered in the
framework of the chiral sigma model to get a better description of nuclear matter properties,
such as the nuclear matter saturation density and binding energy (for details, see [15–18]).
Also, Tsubakihara and Ohnishi [19] derived the logarithmic potential, which is based on
some aspects of QCD, to examine nuclear matter properties in comparison with other mod-
els.

The aim of this paper is to examine the effect of the logarithmic mesonic potential on
nucleon magnetic moments and hedgehog mass for different values of quark and sigma
masses which have been computed recently in [20, 21].

This paper is organized as follows. In Sect. 2, the linear sigma model with logarithmic
potential is explained briefly. Numerical calculations and discussion of the results are pre-
sented in Sect. 3.

2 Chiral Quark Sigma Model with Logarithmic Potential

2.1 The Linear Sigma Model

In this subsection, we summarize the original linear sigma model of Gell-Mann and Levy [2]
and Birse and Banerjee [3]. Logarithmic mesonic potential will be discussed in the next
subsection.

The Lagrangian density of the linear sigma model which describes the interactions be-
tween quarks via the σ - and π -mesons is written as [3]

L(r) = i�γμ∂μ� + 1

2

(
∂μσ∂μσ + ∂μπ .∂μπ

) + g� (σ + iγ5τ .π)� − U1 (σ,π) , (1)

with

U1 (σ,π) = λ2

4

(
σ 2 + π2 − ν2

)2 + m2
πfπσ, (2)

is the meson-meson interaction potential where �,σ and π are the quark, sigma and pion
fields, respectively. In the mean-field approximation, the meson fields are treated as time-
independent classical fields. This means that we are replacing powers and products of the
meson fields by corresponding powers and products of their expectation values.
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The meson-meson interactions in (2) leads to hidden chiral SU(2) × SU(2) symmetry
with σ(r) taking on a vacuum expectation value

〈σ 〉 = −fπ, (3)

where fπ = 93 MeV is the pion decay constant. The final term in (2) is included to break
the chiral symmetry. It leads to partial conservation of axial-vector isospin current (PCAC).
The parameters λ2, ν2 can be derived in terms of fπ and the masses σ - and π -mesons. One
expands the vacuum field expectation values which minimize potential about σ = −fπ ,
π = 0 we get,

ν2 = f 2
π − m2

π

λ2
(4)

and

λ2 = m2
σ − m2

π

2f 2
π

. (5)

2.2 Logarithmic Potential

In this subsection, we explain the physical meaning of the logarithmic potential.
We have the following form of the mesonic potential [19]

U2 (σ,π) = λ2
1(σ

2 + π2) − λ2
2 log(σ 2 + π2) + m2

πfπσ, (6)

is the logarithmic mesonic potential, where �,σ and π are the quark, sigma and pion fields,
respectively. It clear that the first and second terms verify the chiral symmetry. Since, there is
no parity of the proton and the proton is not massless, the chiral symmetry must be broken.
So, the third term in (6) is included to explicitly break the chiral symmetry which, leads to
a dynamical mass for quarks and thus nucleon mass [22, 23].

In the case of massless Goldstone bosons, mπ � 0. In fact, the pions are very light, not
massless particles. In this case, we have minimum value for the logarithmic potential at a
finite value of sigma mass (σ � −fπ). Thus, the potential is shifted from the singularity
which comes from the logarithmic term (see Fig. 1).

The parameters λ2
1, λ2

2 are expressed in terms of fπ and the masses σ - and π -mesons

λ2
1 = 1

4
(m2

σ + m2
π ), (7)

λ2
2 = f 2

π

4
(m2

σ − m2
π ) (8)

(for details see [19]).
Now we expand the extremum, with the shifted field defined as

σ = σ ′ − fπ, (9)

substituting (9) into (1, 6), we get

L(r) = i�γμ∂μ� + 1

2

(
∂μσ ′∂μσ ′ + ∂μπ .∂μπ

)

− g�fπ� + g�σ ′� + ig�γ5τ .π� − U2
(
σ ′,π

)
(10)
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with

U2

(
σ ′,π

) = λ2
1((σ

′ − fπ)2 + π2) − λ2
2 log((σ ′ − fπ)2 + π2) + m2

πfπ(σ ′ − fπ).

The time-independent fields σ ′(r) and π(r) satisfy the Euler-Lagrange equation, and the
quark wave function satisfies the Dirac eigenvalue equation [24]. The meson field equations
are derived as in [12]

�σ ′ = g�� − 2λ2
1(σ

′ − fπ) + 2λ2
2(σ

′ − fπ)

((σ ′ − fπ)2 + π2)
− m2

πfπ , (11)

�π = ig�γ5 · τ� − 2λ2
1π + 2λ2

2π

((σ ′ − fπ)2 + π2)
, (12)

where τ refers to Pauli isospin matrices and γ5 = ( 0 1
1 0

)
.

We used the hedgehog ansatz [3] where

π (r) = r̂π (r) . (13)

The Dirac equation for the quarks is [12]

du

dr
= −p (r)u + (

W − mq + S(r)
)
w, (14)

where S(r) = g〈σ ′〉,P (r) = 〈π .r̂〉 and W are the scalar potential, the pseudoscalar potential
and the eigenvalue of the quarks spinor � , respectively.

dw

dr
= − (

W − mq + S(r)
)
u +

(
2

r
− p (r)

)
w. (15)

Including the color degrees of freedom, one has g�� which becomes Ncg�� where Nc =
3 colors and g is the coupling constant. The Dirac wave functions �(r) and �(r) are given
by

� (r) = 1√
4π

[
u (r)

iw (r)

]
and � (r) = 1√

4π

[
u (r) iw (r)

]
(16)

and the sigma, pion and vector densities are given by

ρs = Ncg�� = 3g

4π

(
u2 − w2

)
, (17)

ρp = iNcg�γ5τ� = 3

4π
g (−2uw) , (18)

ρv = 3g

4π

(
u2 + w2

)
. (19)

The boundary conditions for the asymptotics for sigma and pion fields are:

σ (r) ∼ −fπ , π (r) ∼ 0, at r → ∞ (20)
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3 Numerical Calculations

3.1 The Scalar Field σ ′

To solve (11), we integrate a suitable Green’s function over the source fields [25]. Thus

σ ′ (r) =
∫

d3r′Dσ (r − r̀)
(

gρs(r̀) − 2λ2
1(σ

′ − fπ) + 2λ2
2(σ

′ − fπ)

((σ ′ − fπ)2 + π2)
− m2

πfπ

)
, (21)

where

Dσ (r − r̀) = 1

4π |r − r̀| exp(−mσ |r − r̀|),
the scalar field is spherical in this model as we only need the l = 0 term

Dσ (r − r̀) = 1

4π
sinh(mσ r<)

exp(−mσ r>)

r>

, (22)

therefore we arrive at the integral equation for σ ′(r):

σ ′ (r) = mσ

∫ ∞

0
r ′2dr ′

(
sinh(mσ r>)

mσ r>

exp(−mσ r>)

mσ r>

)

×
(

gρs(r̀) − 2λ2
1(σ

′ − fπ) + 2λ2
2(σ

′ − fπ)

((σ ′ − fπ)2 + π2)
− m2

πfπ

)
. (23)

We will solve this equation by iterating to self-consistency.

3.2 The Pion Field π

To solve (12) we integrate a suitable Green’s function over the source fields. We use l = 1
component of the pion Green’s function. Thus

π (r) = mπ

∫ ∞

0
r ′2dr ′ [− sinh(mπr<) + mπr< cosh(mπr<)]

(mπr>)2

×
(

gρp(r̀) − 2λ2
1π + 2λ2

2π

((σ ′ − fπ)2 + π2)

)
. (24)

We have solved Dirac equations (14, 15) using the fourth-order Rung Kutta method.
Due to the implicit nonlinearity of (11, 12), it is necessary to iterate the solution until self-
consistency is achieved. To start this iteration process, we use the chiral circle form for the
meson fields [12]

S(r) = mq(1 − cos θ), P (r) = −mq sin θ, (25)

where θ = tanh r and mq is the quark mass.

3.3 Calculations of Nucleon Properties

The energy density ε is given by [12]

ε = T 00 = ∂L

∂ (∂0�i)
∂0�i − L (26)
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where T 00 can be written as

T 00 = i�∂0γ 0� + ∂0σ
′∂0σ ′ + ∂0π · ∂0π −

[
�iγ μ∂μ� − gfπ��

+ igfπ�γ 5τ�.π + g��σ ′ + 1

2

(
∂μσ ′)2 + 1

2
(∂μπ)2 − U2(σ

′,π)

]
, (27)

so

ε = −�(i∇.γ + mq)� + 1

2

(∇σ ′)2 + 1

2
(∇.π)2

− g�(iγ5τ .π + σ ′)� + U2(σ
′,π) − U2(σ

′ = 0,π = 0), (28)

which represents quark, σ ′ and π kinetic energy, quark-meson and meson-meson interaction
terms, respectively.
The kinetic energy terms for quark can be reexpressed via the Dirac eigenvalue equation of
motion

(K.E)quark = −(mq − S(r))ρs(r) + Wρv(r) + P (r)ρp(r). (29)

We use the equation of motion for scalar σ ′

(
� + m2

σ

)
σ ′ = g�� − ∂U2

∂σ ′ , (30)

thus

(K.E)sigma = 1

2
σ ′

[
g�� − ∂U2

∂σ ′ − m2
σ σ ′

]
. (31)

Similarly for the pion field, we have

(K.E)pion = 1

2
π

[
g�iγ5� − ∂U2

∂π
− m2

ππ

]
. (32)

The meson static energy is given by

Estatic = U2(σ
′,π) − U2(σ

′ = 0,π = 0). (33)

The sigma-quark interaction energy and the sigma-pion interaction energy are given re-
spectively by

(
mq − gσ ′)ρs and −gπρp. (34)

Finally

Etotal =
∫

d3rε (r)

= NcW + 4π

∫ ∞

0
r2drε (r) . (35)

(For details of the calculation of the nucleon magnetic moment, see Appendix A.)



Int J Theor Phys (2009) 48: 115–126 121

4 Discussion of Results

The field equations (11 → 15) have been solved by iteration as in [12, 13] for different
values of quark and sigma masses. The nucleon observables calculated for mq = 400, 420,
440, and 460 MeV, sigma mass (mσ ) � 200 MeV, respectively.

From Tables 1–4, the value of hedgehog mass MB decreases by increasing the quark
mass. This is due to the increase in the attractive interaction between the quarks and meson
fields. The dependence on mσ is much weaker: the nucleon energy ranges from 1047 to
1207 MeV as mσ is changed from 200 to 1200 MeV (with mq = 460 MeV).

By using the logarithmic potential, results are obtained for reasonable values of quark
masses in the range (400–482.7) MeV which are consistent with NJL model as in [20]. Bet-
ter results are obtained at mq = 482.7 MeV and mσ = 441 MeV which has a sigma mass
consistent with [21]. In comparison with the free Skyrmion model [26], the nucleon ob-
servables are improved. The new model also provides improved observables in comparison

Table 1 Values of magnetic moments of nucleon and hedgehog mass MB . At mq = 400 MeV. All quantities
are in MeV

mσ (MeV) 200 400 600 800 1000 1200

Hedgehog mass MB 1081 1190 1246 1278 1289 1311

Total moment proton μp(N) 2.77 2.64 2.637 2.66 2.685 2.707

Total moment neutron μn(N) −1.98 −1.96 −2.00 −2.046 −2.083 −2.113

Table 2 Values of magnetic moments of nucleon and hedgehog mass MB . At mq = 420 MeV. All quantities
are in MeV

mσ (MeV) 200 400 600 800 1000 1200

Hedgehog mass MB 1076 1175 1224 1252 1269 1280

Total moment proton μp(N) 2.80 2.69 2.696 2.714 2.733 2.749

Total moment neutron μn(N) −2.029 −2.023 −2.062 −2.102 −2.134 −2.159

Table 3 Values of magnetic moments of nucleon and hedgehog mass MB. At mq = 440 MeV. All quantities
are in MeV

mσ (MeV) 200 400 600 800 1000 1200

Hedgehog mass MB 1064 1153 1197 1221 1236 1245

Total moment neutron μp(N) 2.845 2.747 2.745 2.758 2.772 2.784

Total moment neutron μn(N) −2.075 −2.076 −2.114 −2.149 −2.177 −2.197

Table 4 Values of magnetic moments of nucleon and hedgehog mass MB. At mq = 460 MeV. All quantities
are in MeV

mσ (MeV) 200 400 600 800 1000 1200

Hedgehog mass MB 1047 1126 1164 1193 1198 1207

Total moment proton μp(N) 2.88 2.79 2.788 2.802 2.806 2.814

Total moment neutron μn(N) −2.12 −2.13 −2.177 −2.203 −2.213 −2.23
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Table 5 Values of magnetic moments of nucleon and hedgehog mass MB. At mσ = 441 MeV. All quantities
are in MeV

mq (MeV) 400 420 440 460 482.7

Hedgehog mass MB 1196 1179 1155 1126 1087

Total moment proton μp(N) 2.656 2.712 2.759 2.80 2.85

Total moment neutron μn(N) −1.985 −2.045 −2.098 −2.14 −2.19

Table 6 Values of nucleon properties are calculated with the Bro-
niowski and Banerjee model [4] and the free Skyrmion model [26] in
comparison with the present work

Quantity [4] [26] The present work Exp. [3]

MB 1119 1944 1087 1086

μp(N) 2.87 3.97 2.85 2.79

μn(N) −2.29 −3.30 −2.19 −1.91

Fig. 1 Sigma and Pion fields in
units of fπ as functions of R

with the linear sigma model of Broniowski and Banerjee [4]. They obtained better results
at (mq = 500 MeV, mσ = 1200 MeV), which are the largest masses in comparison with re-
cent works [20, 21]. The results of nucleon magnetic moments are improved in comparison
with original linear sigma model [4]. Also, the effect of logarithmic potential is shown on
hedgehog mass, where the hedgehog mass is corrected and closed with experimental data
(see Table 6).

From Fig. 1, we see that the sigma field passes through zero at r = 0.5, which we will
refer to as the soliton radius (r = 0.5), whereas at r goes to infinity, the pion field goes to
zero and the sigma field goes to −fπ . The pion field takes the shape of the P-wave, which
gives the attraction of the pion-quark interaction, and goes to zero in a linear manner for large
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distances. We also see that the meson fields do not stray far from the circular minimum of the
potential (σ 2 +π2 � f 2

π ); thus the logarithmic potential has a minimum at a finite σ value so
the logarithmic potential is shifted from the singularity which comes from the logarithmic
term.

5 Conclusion

From the results obtained for the nucleon magnetic moments and hedgehog mass, we see
that the mesonic logarithmic potential is successful in giving a good description of nucleon
properties. In future work, we need to examine this approach with regard to other nucleon
properties.

Acknowledgement This work financed by government of Egypt. I would like to thanks Prof. A. Faessler
for the hospitality during at my stay at Tubingen university and thanks to Prof. Rashdan.

Appendix A: Magnetic Moments of the Nucleon

The proton and neutron of the magnetic moments are given by [3]

μn,p =
〈
J = I = 1

2
, M = 1

2
, I3 = ±1

2

∣
∣∣
∣

∫
d3r

1

2
r × jεM(r)

∣
∣∣
∣J = I = 1

2
,

M = 1

2
, I3 = ±1

2

〉
, (A1)

where the electromagnetic current is

jεM(r) = �̄ (r)γ

(
1

6
+ τ3

2

)
�(r) − εαβ3�α (r)∇�β (r) , (A2)

such that

(jεM(r))nucleon = �̄ (r)γ

(
1

6
+ τ3

2

)
� (r) , (A3)

(jεM(r))meson = −εαβ3�α (r)∇�β (r) . (A4)

A.1 Quark Contribution to Magnetic Moment

The vector field r can be written as [27]

rlm = r

√
4π

3

∑

m

(−)m Yl−mêm, m = 0,1,−1, l = 1. (A5)

For the dipole magnetic moment calculation we need the quantity

ẑ.(r × γ ) = −i
√

2
[
r1γ1

]
10

, (A6)

where
[
r1γ1

]
10

=
∑

m=±1

〈1 m 1 −m | 1 0〉 r1mγ1−m, (A7)
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where the Clebsch-Gordon coefficients are

〈1 1 1 −1 | 1 0〉 = 1√
2
, (A8)

〈1 −1 1 1 | 1 0〉 = − 1√
2
; (A9)

so

ẑ.(r × γ ) = −i

√
8π

3
rγ3 [Y1σ1]10 , (A10)

where

γ1 = �3σ1, �3 =
(

0 1
−1 0

)
(A11)

and where relevant proton charge matrix element is

〈P ↑ |
∑

i

(
1

6
+ τ3

2

)

i

|P ↑〉 = +1. (A12)

Therefore the magnetic moment becomes

〈�lj ,m=j | ẑ.(r × γ )

2
|�lj ,m=j 〉

= −i

2

√
8π

3
× 〈j,m = j 1 0 | j, m = j〉 〈

�lj ‖r (−i) γ3 [Y1σ1]1‖�lj

〉
, (A13)

where we have used

〈j j 1 0 | j j〉 |j= 1
2
=

〈
1

2

1

2
1 0

∣∣
∣∣

1

2

1

2

〉
= − 1√

3
. (A14)

In terms of the nuclear magneton, we find

μ

μnuc

= 1

3

√
8π

3
mnuc

∫ ∞

0
drr3

[
(u (r)w (r)

〈
0

1

2

1

2

∥∥
∥∥1

1

2

1

2

〉

×
〈
1

1

2

1

2

∥∥
∥∥ [Y1σ1]1

∥∥
∥∥0

1

2

1

2

〉]
, (A15)

by using reduced matrix element [27], we find

μ

μnuc

= −4

3
mnuc

∫ ∞

0
drr3u (r)w (r) , (A16)

therefore
(

μ

μnuc

)

neutron

= −2

3

(
μ

μnuc

)

proton

. (A17)
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A.2 Mesonic Contribution to Magnetic Moment

μmuc = r × jmes

2
, (A18)

jmes = −εαβ3�α∇�β, (A19)

where �α is the pion field with isospin index α.

Ẑ ·
(

r × jmes

2

)
= −εαβ3�α

(
r × ∇

2

)
· Ẑ�β, (A20)

where Ẑ is the z-axis unit vector.

Ẑ ·
(

r × jmes

2

)
= − i

2
εαβ3�αL̂z�β, (A21)

where L̂z is the orbital angular momentum in z-axis.
The hedgehog ansatz for the pion field, we have

�β = r̂β�(r) =
√

4π

3
Y1β

(
r̂
)
�(r) (A22)

and

L̂z�β =
√

4π

3
βY1β

(
r̂
)
�(r) . (A23)

Thus

Ẑ ·
(

r × jmes

2

)
= − i

2

(√
4π

3

)2

εαβ3

(
r̂
)
Y1α

(
r̂
)
βY1β

(
r̂
)
�2 (r) . (A24)

Examine the product of spherical harmonics;

εαβ3Y1α

(
r̂
)
βY1β

(
r̂
) = −2i (Y1+1Y1−1 + Y1−1Y1+1) . (A25)

From the definition of the spherical harmonics [28], we obtain

(
μ

μnuc

)
= 8π

3
Mnuc

∫ ∞

0
drr2�2 (r) . (A26)

Including the 1
3 projection factor, we get

(
μ

μnuc

)
= 8π

9
Mnuc

∫ ∞

0
drr2�2 (r) . (A27)
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